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ABSTRACT. We consider propagation and time reversal of wave pulses in a ran-
dom environment. The focus of our analysis is the development of an expression
for the two frequency mutual coherence function for the harmonic wave field.
This quantity plays a crucial role in the analysis of many wave propagation
phenomena and we illustrate by explicitly considering time reversal in the con-
text of time pulses with a high carrier frequency. In a time-reversal experiment
the wave received by an active transducer or antenna (receiver-emitter) array,
is recorded in a finite time window and then re-emitted into the medium time
reversed, that is, the tails of the recorded signals are sent first. The re-emitted
wave pulse will focus approximately on the original source location. We use
explicit expressions for the mutual coherence functions and their asymptotic
approximations in the regime of long or short propagation distance and a high
carrier frequency to analyze the refocusing of the wave pulse in the time reversal
experiment. A novel aspect of our analysis is that we are able to character-
ize precisely the decoherence length in temporal frequency. This allows us to
analyze for instance the time reversal experiment when the mirror has a finite
aperture in time.

1. Introduction. Wave propagation in a randomly layered medium is well under-
stood and is analyzed in for instance [1]. The core theoretical result in [1] is a
development of a family of equations that describe the hierarchy of moment equa-
tions for the harmonic wave field. In particular one obtains explicit expressions
for the second order cross-moments in the case with a constant mean wave speed.
These cross moments at nearby frequencies can be used to analyze for instance the
energy spectrum of the incoherent waves reflected from a random half-space and
also time reversal experiments in the context of a randomly layered half-space and
high frequency waves. The paper [1] has led to a series of papers that analyze for
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instance various time reversal and imaging problems using the framework set forth.
However, the analysis is restricted to randomly layered media.

In the present paper we consider a different regime corresponding to the paraxial
wave equation [17], [22] where the longitudinal scattering, which is the main mode of
scattering in the layered medium, is small and the main mode of scattering is lateral
scattering. The main focus of our paper is the development of equations governing
the cross-moments of the harmonic wave field at nearby frequencies in the regime
of low Fresnel number. As in the layered medium this is an explicitly solvable case.
The moment equations allow us to analyze a range of wave propagation phenomena
and we consider in particular the time reversal experiment. This analysis generalizes
the results in for instance [2, 9, 20] where a time reversal mirror that is constant in
time is used which leads to phase conjugation at the mirror.

With a finite temporal aperture mirror we are then led to consider the coherence
or wave field correlation at nearby frequencies. In the time reversal experiment
that we analyze it is clear from time reversibility of the wave equation that if
we capture, time reverse and re-emit a sufficient part of the wave field, the re-
emitted wave will approximately refocus on the target [13]. The surprising and
important fact is that the focusing resolution typically will be enhanced rather
than hampered by heterogeneity or “randomness” in the medium. The effect has
numerous applications. In the case of ultrasound, this process can be iterated to
pinpoint the wave beam in order to destroy kidney stones, detect defects in materials
and communicate with submarines. In the case of electromagnetic waves this effect
holds the potential of increasing imaging resolution and channel capacity. The
phenomenon has been studied in the literature, both from the experimental and
theoretical points of view [2, 13, 16, 7].

The outline of this paper is as follows. In Section 2 we formulate the propagation
problem and introduce the paraxial approximation in the relevant scaling regime.
Next, in Section 3, we introduce the two frequency Wigner-Moyal equation, the
phase space formulation that will be useful for analyzing moments of the field. We
review the white noise limit for this in Section 4. The white noise limit takes on
a particular useful form in the high frequency or geometrical optics limit which we
discuss in Section 5. Then we use the two frequency Wigner-Moyal framework that
we have introduced to analyze respectively the time reversed wave field in Section
6 and the transmitted field in Section 7.

2. Paraxial White Noise Regime. We start by considering the wave equation
Nu—c2upy = 0,

with the local speed ¢ defined by

for ¢ the constant effective medium speed and /\’ being the Laplacian in the space
coordinates (x’,z’). The centered random medium fluctuations are denoted by 7:

Z x
n:n(@a&E)a

which gives the fluctuation in the refractive index field and is a homogeneous,
square-integrable random field. A relevant example is the generalized von Karmén
spectral density with H = 1/3 [22].
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We shall refer to the dimensions x’ as the transversal coordinates and 2z’ as the
longitudinal or propagation direction. We let L, and L. be characteristic length
scales and 1/kq represent a typical wavelength scale. The associated Fresnel number
is defined by

L,
Yo = 779
koL2’
and we introduce non-dimensionalized coordinates by
/ !/
_ X z
t=koct', x z=—.

B vV 'YOLx ’ Lz
In non-dimensionalized coordinates we then get
Uyy + CalAu - 662(1 + n)utt =0,

for

1

- szO ’

and with A the Laplacian in the x coordinates. We shall consider narrow beam
propagation in the z direction and accordingly write

Co

u(t,x,z) = /emwvc 7t)\Il(k,x,z)dk, (1)

for kgk corresponding to a wave number in original coordinates and v a small non-
dimensional parameter which here will determine the high frequency scaling. We
thus also have
1 —ik(z/co—t)

U(k,x,2) = 3y e u(t,x, z) dt, (2)

and the decomposition (1) gives for the complex wave amplitude
2ik 1 ko

U, +—U, + —AV+ (> nv = 0.
Y¢o €o Yo
The paraxial approximation corresponds to dropping the ¥, term and with a slight
abuse of notation we shall henceforth let ¥ solve

7 k
UL+ AT+ e = 0 3
iWet op AV A+ 5 ) (3)
We write
1 z 1 2L, X\/YoLa
V(e = 200”< w6 ) @)
where
L,
g = f,

is a small parameter that gives a “white noise scaling” and in Section 4 we will
introduce the important white noise model that enables us to derive field moment
equations in the limit ¢ — 0. The normalized refractive index field fluctuations V'
has a spectral density denoted by ®.

With this notation (3) becomes

2 k
iw2+;—kmlf+gv(8%,x)q/ _— (5)
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2.1. Spatial Diversity Scaling. The scaling (4) corresponds to
vV ’YOLI Lz 1

. = Vg = °W
VEW o JELER = o).
Co

The scaling with lateral diversity, however, corresponds to

VAoLs L. 1 1
= = = = 1
‘. b ln 85705 (6)
En?] o
e~ = koVO.L.E[?] = §< 1.
0

The lateral diversity § < 1 gives rise to various self-averaging scaling limits which
is important for statistical stability of time-reversal experiments. For a systematic
treatment of the self-averaging scaling limits see [4, 20].

2.2. The Initial Field. In original coordinates we write the initial condition on
the plane z’ = 2/ for the paraxial field propagating in the positive z direction as

/ =4/ /
v, (X> Flkoe(t' — t1)) cos <k0k6(t”) .
VoLx Y
Here koké/v is the high carrier frequency. The parameter k is assumed to be an
order one parameter that scales the carrier and it plays no essential role in the
analysis. The bandwidth of the source is of the order of ky¢. In non-dimensionalized
coordinates the source becomes

u(t,x,25) = Yo(x)f(t—ts)cos (

The associated initial condition on the envelope ¥ is
v (k+k (k—k ik(zs/c0ts
U(zxik) = O(X)<f< - )+f<)>e AL ®)
2y v v

In Sections 6 and 7 we will use initial fields of this particular type when analyzing
the properties of the transmitted and time reversed wave fields.

ut',x', z) =

k(t —tg)
v ) ' @)

2.3. Two Frequency Formulation. In the paraxial approximation for the wave
the complex amplitude field at two different wavenumbers k; are denoted V¥;,j =
1,2, and are given as the solutions of the parabolic wave equation (5) at the respec-
tive wavenumber k;. We explicitly indicate the dependence on the wavenumber and
write as

kj

el kj
13

z €
2k, V(s2’x) v; =0, (9)
with the white noise limit ¢ — 0 of this equation being discussed in [10]. Rather than
taking the white noise limit at this level, we will follow an alternative route and take
the white noise limit at the level of the Wigner distribution as discussed below. Note
that although we do not assume isotropic spectral densities, the spectral density ®
of the fluctuations V' always satisfies the basic symmetry:

¢(§7k) - (I)(fga k) - (p(fa 7k)7 V(f,k) € RdJrl ) (10)

because the refractive-index field is real-valued. Observe that we will denote the
number of transversal spatial dimensions by d. We also assume that V,(x) = V(z, x)

i%—l- AU +
Vaz J
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is a centered, square-integrable, z-stationary and x-homogeneous process with the
(partial) spectral representation

V.(x) = /exp (ip - x)V.(dp), (11)
where the process ‘A/Z(dp) is the z—stationary orthogonal spectral measure satisfying

E [‘Z(dp)f/z(dq)] =d(p+q) [/q’(w,p)dw} dpdq. (12)

3. Wigner Distribution and Two-Frequency Wigner-Moyal Equation. We
introduce the two-frequency Wigner distributions

1 in. b ¢ vy X 4
we - PYYS (2, ——= U5 (2, ——= — dy, (13
(=% p) (27T)d/e 1(2’\/E+2\/1?1> ? (Z\/E 2\/5) v, {13)

and its complex conjugate W** which are ideally suited for analyzing the two-
frequency problem.
The Wigner distribution has the following obvious properties.

ip- X vy X Yy
We(z,x,p)e®Vdp = ¥ ( ﬁ VE >‘IJE* (Z,ﬁ_ NV )14
/ (z,x,p) p=" 5 =32 kQ( )
1 )
e —ix-q
G o, e
_ (Vkiko d@ PVk: vk =..( pVk Vkaq
= 5 1| %, - + 5 U5 | #, 5 ~ 3 .

Hence from W€ and W*®* one can recover all but an overall phase factor about ¥§
and U§.

Furthermore, the Wigner distribution WZ(-) = W¢(z,-) satisfies the Wigner-
Moyal equation

oWe
0z

1
+p- VW, + gﬁin =0, (15)

with the initial data

1 —ip X vy X vy
W, — Y\ __ \Il* _ = d. 16
0(x,p) (2m)d /e 1,0 (27 T + 5 ﬁkl) 2,0 (z, T 2 ﬁkz) y . (16)

where the operator £ is formally given as

LEWE (17)
= 4 -1 | jiax/VEki € 9 ) _ iax/VE € U
2/7 [ e W (X P+ 2\/>) e koW? (X,p 2\/>)] V( 2,dq)

The complex conjugate We*(z,x, p) satisfies a similar equation

oWe?
0z

1
2+ p- VW + gﬁi*WEz =0, (18)
where

LWer (19)
_ -1 | igqx/Vkz e* A\ iax/vVE e ~7q o (Z
z/’y [ koW (x p+ 2\F> e AW <x7p 2\/5)} V (gz,dq) .
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Note that we use the following definition of the Fourier transform and inversion:

1 ,
W /e_“"pg(x)dx,

g(x) = Fg(x) = / ¢ g(p)dp.

g(p) = Fg(p) =

for the lateral space variable and its dual and

fo) = 1) = o= [ e sayat,

F(t) = F 1 f () = / e F (k) dk

for the time variable and its dual in this wave propagation context.

When making a partial (inverse) Fourier transform on a phase-space function we
will write F; (respectively F; ') and F, (respectively F, ') to denote the (resp.
inverse) transform with respect to x and p.

For every realization of V, the operator £* is defined as

LEWE(x,p) = iy 1y {(%Vz (gx y) f;lwg(x,y)} : (20)

with the difference operator d, given by

z z X vy z X Ny
57V(82,x,y) k1V<62,\/E+2\/E>—kgV(EQ,m—Q\/E).(m)
The operator £5* is defined similarly. In order to characterize the transmitted
and time reversed field below we will need the second order moment equations for
the time harmonic wave field. These equations will derive from the equations for
the Wigner distribution. The problem (15) is not explicitly solvable, however, we
consider next the narrow band white noise regime corresponding to v — oo and
¢ — 0 where we will obtain explicit expressions for the Wigner distribution which
will lead to expressions for the mutual coherence function that describe the second
order wave statistics.

Consider the simultaneous limit

’}/—>07 kl,k2—>k7é0, (22)
with
ki = k—18/2, (23)
ky = k+~06/2.

Here the parameter 8 < oo has the physical meaning of a normalized bandwidth.
In the narrow-band, geometrical optics limit £5 becomes

lim LSWE (x, p) (24)
’YH
= —F [ViVi(x)- [iyFy ' WE(x,y)]]

—VEVVE (jg) VpWE(x,p) +ifWE (x,p) [V; (X) s (Xﬂ -
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4. The White-Noise, Markovian model. The convergence of the weak solution
of the Wigner-Moyal equation, described in the preceding section, to the weak
solution of the two-frequency white-noise, Markovian model has been proved in [5],
[6]. Below we give only the essential feature of the two frequency Markovian model
which will be further analyzed later.

Formerly the model is governed by the Wigner-Itd equation

dW, + (p- VW, — QoW,)dz = dB, W, , (25)
where the operator Qy is given by
QoW.(x,p) (26)
- / (a)y~? [k G O (o - (k2 4y %) 7a/2)

+k1kgei(’“fl/Z*kEI/z)q‘xWZ (x7 p+ (kl_l/Q + k;1/2> fyq/2) — (kf + kg) W, (x, p)} dq,

with ® being the spectrum of V and B, is an operator-valued Brownian motion
(see [6] for details) which vanishes after ensemble-averaging:

oW, - -
02 +p-ViW, = QoW (27)
For the narrow-band geometrical optics limit (22)-(23) we obtain
2
QW =~ kvp-D-va+iﬁx-D-va—f—kx.D-xW—ﬁQDOW,

which can be written as
QOWZ (X7 p) (28)

= k(=% Lpx) D (i L) Wexip) - DU (xp).
where

D

/‘I>(07 q)q ® qdq, (29)

Dy, = /(ID(O,q)dq. (30)

In the case of a power-law spectrum with the Hurst exponent H, inner scale
ly and the outer scale Ly the diffusion matrix has the following asymptotics for
lo<1,Lg>1

D= 0"+ 13",
and hence has a finite limit as Ly — oo for H < 1/2 and as ¢y — 0 for H > 1/2.
The evolution equation for the two-frequency mutual coherence function

[ia(z,x1,%2) = E[¥1(2,%1)P5(2, X2)] , (31)
as defined in [17] can using (14) be obtained by setting

x = S(hxi Ve (32)
y = (VR = Vi), (33)

and applying F, ' to the mean field equation (27), that is

Iia(z,x1,%x2) = /V_V(Z,X,P)eip'ydp’
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for x and y defined by (32) and (33) respectively. The result then corresponds to
the one obtained for the two-frequency mutual coherence function in the literature
(see [17]). The advantage of working with the two-frequency Wigner distribution
lies in the ease of taking the geometrical optics limit (28).

5. Exact and Asymptotic Solutions for Narrow-Band Geometrical Op-
tics. Neither (27) nor the resulting equation for I'1o is exactly solvable and various
approximations have been proposed (see [3], [12], [15],[18], [19], [21], [23]). However,
the geometrical optics limit

0z 2k

is exactly solvable. Let us construct the Green function.

For simplicity of notation, let us assume isotropy of the medium, namely ®(0, p) =
®(0, |p|) and hence D = D, a scalar. In the case that the fluctuations are station-
ary with covariance C(Ax,Az) we find that the correlation parameters have the
interpretation

D, = /C(z,O)dz,

D = -— / NxC(z,%)|x=0 dz.
Taking the inverse Fourier transform F, Lin p we obtain
0 & .. D B 1P
—W =iV, - — —|—ky+= — B*DoW. 4
5 iV VyW k‘ Y+ 5x| W— 52Dy (34)
Introducing the new variables
yi = ky+ gx, (35)
y2 = ky-— gx, (36)
we rewrite the above equation in the new coordinates as
9 kB oo N D 2 21 1%
£W:7(V1—V2)W—E\y2| W = 3°DoW, (37)

where V1,V are the gradients with respect to yi,y2, respectively.
Consider the function

N , 1 . _ .
e A O e Ea e AN

which satisfies the equation

0 —~ ik
O ik
0z 2
Equation (39) is just the Schrodinger equation with an imaginary, quadratic poten-
tial.
First we look for the Green function in the coordinates y;,y2. To this end, we

set

—~ D —
VEW - ?|Y2|2W- (39)

A(z) = —idkﬁ/z B(s)ds + %/Z |IC*(s)ds, z>0,
1 o]

W, +p- VoW, = —k (in + 5x> -D- <in + Qﬂkx) W.(x,p) — ﬂzDoWz(x, p),
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with

B(z) = k(l_j_i)\/gcot [m(l + z)z] )
and C(z) given by the formula
C(z) = C(0) exp {—IIZ /OZ B_l(s)ds], C(0) = y).

We find that functions of the form

e~ A)=B(2)ly2—C(2)[? ,

in fact solves (39) and it follows that the Green function of (37) is given by

Gy (251,52, Y1, ¥%: k. B) (40)

_ coe—ﬂ?Doze—A(z>—B<z)|y2—c<z)\2/e—mmpl|2z/2e¢p1'<y1—y;>dp1

- (& )‘”2 oty N\ e e
-\ 7kBz wky/Bsin(vDB(1 +i)z) P 22k03

X exp k(ll—f—i)\/gmt (m(l + Z)Z)

X exp

/

Y2

e a— (VDB(1 +1)z2)

The general solution for equation (34) can then be expressed as

W(z,x,y) = (k‘ﬁ)d/WO(x’,y’)GW (z, ky + gx, ky — gx, ky' + gx’,k;y’ - gx’) dx'dy’.
We thus find the expression
W.(x,p) = Fo{W(zxy)} (41)
kB ° N
B (%) / eIV Wolx', B) (42)
x Gy, (z, ky + gx, ky — gx, ky' + gx/, ky' — §X/> dx'dy’dydp’,

for the mean Wigner transform.
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5.1. Coherence Function and Schrédinger Spectrum. ;From (13) and (41)
we obtain for the mutual coherence function the expression

Tia(z,x1,%2) = Fy {W(z,x,p)} = W(z,x,y)
= 00! [ 70X
xGy | 2, ky + éx, ky — éx, ky' + gx’, ky' — éx’ dx'dy’
2 2 2 2
’ ’ / !
_ d/q, X W) [ X WY
0P ] e (m*wa o\ Ve "k

x Gy (z7 ky + gx, ky — gx, ky' + éx’, ky — ﬁx’) dx'dy’

2 2
_ (W)d [ro@us,®

xGy, | 2, ky + éx, ky — éX, ky' + éx’, ky' — éx’ dxdy
2 2 2 2
for
1 1 X oy Xy

= — k —+ k s = - k — k s = —+ 5 = - )
X 2(\/ 1X1 + / kaX2) y ’Y(V 1X1 — \/ kaX2) X NN y NN
so that

1 . . 1 - -
x'zi(\/klx—i- Vk2y), y'Z;(\/klx—\/kgy).

Here we have assumed that the source is given at z, = 0.

Let Gy be the Green function associated with the Schrédinger equation (9).
Define the Schrodinger spectral function as

A(Z,Xl,X2,)~(,5’7k‘1,k2) = ]E[G\I/(Zaxlafgkl)GTII(Za)(va?kQ)] (43)

namely the two-point coherence function of Schrodinger Green functions of two
different frequencies.
In the high frequency limit v <« 1 we have the following asymptotic

A(Zaxl7x27i75’;k17k2) (44)
k2 d E3/2 VE B2 E ~
= (i) Gy <Z, " (x1 —x2), 7(/{1)(1 — k2x2), " (x—-y), T(Iﬁx — k2y)

= A(27X17X2ai7yakl7ﬁ)'
Recall that
ki =k—~6/2, ke=k+~6/2,

so that we have

\/E k3/2

s — ko) ~ = ((x1 — %) — (X1 + X2) (;g)) . (45)
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We can now express the mutual coherence function in terms of the Schrodinger
spectral function as follows.

F12(Z,X1,X2) = /E[G\p(Z,Xl,)NC; kl)G*\p(Z,X27S’§k2)] \III,O (5() ‘IIE,O (S’) df(dg’

~ /A(z7xlax2a)~(ay7 klakQ)\I’l,O(i)\I/;O(y)didy

5.2. Long Distance Asymptotics. We have assumed a scaling with the distance
of propagation z being an order one quantity and with the source being located at
the origin so that z; = 0. Since we are interested in narrow beam long distance
propagation we will next evaluate the expression for the mutual coherence function
in the limit that z is large. To this effect we note the following asymptotics in the
limit z — oo for fixed D > 0:

sin(@(l—%—i)z) ~ —e\/DiZ(;i)z,
(cos (\/ZTB(I + i)z))_l
tan (\/Diﬁ(l + z)z)

cot (m(l + Z)Z)

2 2
\.® do

2
[

Therefore, the Green function has the long distance asymptotics

/2
) 1\ (2v/D(1—i e 1—i
Gy (2,51,¥2,¥1,¥3) ~ <7rkﬁz) (77!9(\f6) e P Do% exp { 9 d\/@z}

_12;2‘\@(}/2'2 + IyéIQ)] . (46)

from which it follows that the long distance asymptotics for the mutual coherence
function I'y5 is:

ily1 — y;|?
22k03

xexp[

F12(Z,X1,X2)

(Y ()" <w5<1—z->>d”eﬁ2wexp [ avm:]

~ wkBz kv B 2
k2 144 |D
X /exp [2;22|x1 — Xy — X} —|—X’2|2] exp —% 3 <|k1X1 — koxa|? + |k1x, — k2X§|2)]

X W10 (x1) W3 o (x3) dxydxs.
We now evaluate this expression for ¥; ¢ having spatial point support:

\I/j’o(x) = (5(X)f<kj) 3 (47)
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and find that
Ii2(2z,x1,%x2) ~ A(z,%x1,%2,0,0, k1, 8) f (k1) f* (k2)

:<5k32>d( 1 )’W (2\/5(1_i)>d/2€ﬁ2[)0zexp [_1;id\/ﬂ7Dz]

v wkBz wky/B

k2 1+i |D
X exp [2’12/6’2|X1 - x2|2] exp —% 3 |k1x1 — k2X22] fk1)f*(k2).
One sees from the above expression that the coherent bandwidth 3. is given by
1
c s 48
be ~ B (15)

so that the wave field at nearby frequencies decorrelate rapidly in the regime of
large propagation distance and strong medium fluctuations [6].

6. Time Reversal Operation and Refocusing. The time reversal operation
is illustrated in Figure 6 and can be described as follows. In the plane z = L a
pulse traveling in the negative z direction is being emitted. The transmitted field is
recorded, stored and time reversed at the time reversal mirror located in the plane
z = 0, and then sent back toward the source point.

FIGURE 1. The time reversal procedure. A source emits a pulse
in the plane z = L. The transmitted field is recorded and time
reversed at the mirror of size A at z = 0, and then sent back toward
the source point. There it refocuses on a spot with the lateral size
r.. Medium heterogeneity typically enhances the refocusing reso-
lution.

The initial condition is as in (7)

ub(t,x, L) = uo(t,x) = Wy (x) f(t — t,) cos (’f(t;lf)) _
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This gives the following initial condition for the backpropagating modulation W:
1 ik(L/co+t)

W(k,x,L) = el I ug(t,x) dt (49)
™y

_ Wy (x) (f <k+k> +f(k — k)) eik(L/;0+ts)
2y g g ’

with the associated wave field being

_ik(z/co+t)
ub(t,x,z) = /e Hapeat V(k, z, 2) dk.

We then find that the field transmitted to the plane z = 0 is

ur(t,xm) +ui(t,xm)
2 )

ub(t, %,,0) =

with
A k—k\ 1 ik@/co+tam
’LL[(t,Xm) = /GL(XS;Xnuk)\IJO (Xs)f () —€ e Oi’r( - dxsdk
Y Y

where G (Xs;Xm, k) = Gu(L,Xs,Xm; k). In the derivation we have used the reci-
procity of the Green function Gy of the Helmholtz equation:

GH(X27L;X1>O7]€) = GH(X170;X27L7I€)’
with parabolic approximations
GH(XQa L7 X1, 07 k) ~ GL(X2; X1, k)eik‘L/"/ ) GH(X17 07 X2, La k) ~ GL(Xl; X2, k)eikL/’Y'

The time reversal operation now corresponds to a re-emission at the mirror with
the “new source” at the mirror being

Utr,I(t7Xm) = ur(—t,%Xm)la(xm)g(—t),

with [4 being the spatial aperture function with characteristic dimension A and g
being a temporal window aperture function that we assume is compactly supported.
We then find

wer (b %m) = Ta(%m) / G (%3 X, T+ 7B F(B)3" (B)Wo (x2)

ik(L/cotts+t))

><ew(L/COHS)ei(ﬁ_ﬁ)tdxsdﬂdﬁe Bl

La (%om) / G 1 (%: X, k1) F(B)3(F — B)To ()

ik(L/cotts) _i(=(k1B)t)  ~
il .

dxsdfe ~

B/ cotts)
(From (1) it now follows that the associated modulation field in the mirror plane is
Wer,1(0,%m, —(k +753))
= Talxm) / G (%%, b+ 90V F(B)3( — B)Wo () €10 att)HE i g

This gives the expression for the wave field in the original source plane z = L:

utr,[(ty X, L) = /GL(XS; Xm, ]g + ’yﬁ)G*L(Xa Xm» ];7 + ’Vﬂ)f(ﬁ)g(ﬁ - ﬁ)HA(Xm)\I]O (Xs) dXSde

B/ eot) giB(=L/cott) g3 36 HE

b



14 FANNJIANG AND SOLNA

where we used the fact that G,(-;-, k) = G%(;-, —k). The corresponding refocused
mean signal is

]E[utr,l(ta X, L)] = /A(La Xsy X, Xmy Xmy k + 76a B - ﬂ)f(/g)g(B - 6)HA(Xm)\IJO (Xs) dxsdx,

~ ik(t+ts)

x eB(L/cotts) giB(=L/cott) g3qfGe™ 7

We now use the expression for the Schrédinger spectral function in (44) to obtain
a characterization of the mean back-propagated field E[uy-] in the narrow-band
geometrical optics limit.

We let the original source emission time ¢s be chosen so that the pulse reaches
the origin approximately at time zero:

ts = 7L/Co y

and observe the back-propagated pulse in a window centered at the deterministic
(background) travel time to depth L from the origin:

t= L/Co + 7.
We then find
Elugr 1 (L/co + T, %, L)]e%kr

~ / ALy X, % X Xos B -7, — B)F(B)3(5 — BYLa(m) Wo (x) dxcadxpne™ dBd

= / (L, X, X, Xy Xims o+ 1(B = B), B)F(B = B)(B)La (1) Wo (x) dxydxme’™” dAaH)
In the subsequent analysis we shall focus on the particulaly simple case of O(v)
offset
Xs =YX, , X =% (52)
We can approximate (51) by

—ikT

Elugr,1(L/co + 7,9, L)]e ™
~ ’Yd/A(La’YX;a’YX/»vaxma I_C - 7/8/275)]?(3 - ﬂ)g(ﬂ)ﬂA(Xm)\Ijo (’YX;) dx;dxmeiBT dﬂdﬁ

(53)

Namely in (53) we have shifted the sixth argument in the spectrum A, the wave
number &, by O(vy) amount which produces negligible effect for O(y) offset.
It now follows that the refocused pulse can be expressed by

—ikT

E[utr,I(L/CO + T, ,)/X/7 L)]e v

. /(’f?)d”< (1+i)vAD )d/ze_ﬁzDoLew
n*L sin(vDB(1+4)L)

(=19 /572 ,
NG VDk? cot (v/DB(1 +14)L)

/ / BxXm
S

X exp

XA (%) P (7X%) dx’sdxmeiBT dj3dg.

Remark 1. In the above expression the spectrum for 3 < 0 is found by evaluating
it at |B| and then taking its complex conjugate.
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6.1. Long Propagation Limit. We now use the long distance asymptotic to fur-
ther simplify the mean refocused signal. For L > 1 we have the following asymptotic

Elugr1(L/co + 7,vx/, L)} =

(1—1) k:2 L o
- / < 2L f )9(8)La (%) o (7x,) e~ (1= 2,
xelk ‘;B;x P |: (\/> )\/>k2 (| .~ Xl|2 + |ﬁxm/l%‘2) dxgdxmeiﬁ‘r dﬁdﬁ

We simplify this expression further by assuming a point mirror and source:
Wo(x) = 90(x),  Ta(x) = 3(x). (54)

The scaling of the source is chosen so that the refocused signal is of order one and
by linearity of the problem this choice plays no essential role. We then obtain

]E[ut'r‘ I(L/CO + 7 ’YX/ L)]eiifkr (55)
/2 ) _ o
N/(W) o—(1=i)dvDBL/2,~3>DoL Wﬂ\;;l%%ﬁl)ﬁgfc?\x 12
2L

% f(8—3)a(8) €™ dBd
= f(—r)/( (1 —;)2/22\/ )d/2 ~(1=i)dvDBL/2,~#* Do L ““21?;‘26‘“*”3?2‘*”2

xg(3) e’ dgp.
This gives the following result.

Theorem 1. In the high frequency (v — 0) limit the ensemble-averaged backprop-
agated pulse of the white-noise model has the following large distance (L > 1)
asymptotic for D > 0:

Efusr1(L/eo + 7,7 D)]e ™5 ~ f(=7) {£y() % fp, () % fp (%)} (=7) (56)

with,
.\ d/2
1 (VD21 —i)k? N —iBr
o) = 27 (fﬂL)> /6(1/49@)6 Prag,
1 2
_ Y —7?/4DoL)

o) = Jpor

and
fD(T;X’) _ /ei(lii)mdL/Zei%zl‘;ipei(iJrl);/\/i%EQ‘X/‘ze*iﬁTdﬂ' (57)

Here x denotes convolution.

Thus, the dominant pulse shaping of the source is given by the multiplication with
a pulse modulation function that depends on the lateral offset x’ of the observation
point. The multiplicative nature of pulse shaping is already clearly seen in (53).
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Remark 2. For the purpose of comparison, let us consider the case of an infinite
temporal window, § ~ 0 as in [9]. As a resull, eq. (51) becomes

—ikT

Elugr 1 (L/co + 7,%,L)]e ™~

~ /A(L7 Xsy Xy Xy Xmys ]76 + ’)’B, O)f(ﬁ)HA(Xm)\IJO (Xs) dxsdxmeiBT dlé

which yields a convolutive pulse shaping effect. For an explicit expression, one needs
to obtain the small B limit of A. Indeed, when 3 = 0 the problem can be solved ex-
actly and for signals of O(1) relative bandwidth the result is the Gaussian pulse shap-
ing function with the offset-depending variance o2.(x) = Lfol D.(sx)ds/~* where
D, (x) = [®(k)(1—e™>)dk is the structure function of the medium [9]. In partic-
ular, let v — 0 and consider offsets of order v. We then have o2, ~ LD|x'|*/6.

The function fp(-,x’) in Theorem 1 contains the spatial information about the
refocused signal. It has a support that depends on the correlation parameter D
and also on the lateral observation point x’. As a result, large values for D and
large offset leads to a diminishing magnitude for this function and hence to spatial
refocusing of the back-propagated signal. This can be estimated as follows.

The lateral refocusing of the back-propagated signal depends on the lateral sup-
port scale for the function f(-,x’) and we next identify this scale. We rewrite (57)
as

—(i+1)DLE?|x|?

. i k2%’ |2 . T
fo(m;x) = D*1L72/€7(17’)\/ﬁd/2e e 2B e o1z dB (58)

which, after rescaling, leads to the following observation.
Remark 3. The refocused pulse has the following lateral scale
Y
Ax =yAx ~ = .
7 kvVDL
Next we estimate the amplitude of the refocused signal. Set x’ =0 in (58). We
see that the effective width of the function fp(7;0) is of the order DL? and the
magnitude of this function is of the order 1/(DL?). On the other hand the support
of f, is independent of D and L, and its magnitude is of the order DAL=4/2 Also

the support of fp, is of the order v/DoL and has the magnitude (DoL)~/? . ;From
Young’s inequality

1fg % fDo * [Dlloo < llgllall Do 1 [[fDloc

it follows that the amplitude of the refocused signal has the long distance asymptotic
L—2—d/2 .

7. Application to Transmitted Field. In this section we analyze the spreading
and decorrelation of the transmitted field in the case that the initial field is specified

at zs = 0,t; = 0 so that (8) becomes
1)1 102)

2y
The transmitted envelope field can then be expressed as

i) -1()
2y

U(k,x,0) = Vg (x)

dxs

U(k,x,2z) = /GZ(X;XS?k)qIO(XS)
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and the wavefield by

ik(z/cog—t)

u(t,x,z) = /Gz(x;xs,k:)\llo (xs) f kTE) - f (k%fc) e 7 dx.dk

ur(t,x,z) +uj(t,x, z)
2 )

with

1 ik(z/cg—t)

ur(t,x,z) = /GZ(X; Xs, k)Wo (x5) f (l{;;k) ;ef dxsdk
= [ Guloxixe F )W (x0) () 5000 dxdpe ™
7.1. The Transmitted Cross-moment. The quantity of interest we will examine
here is the cross-moment defined by
Clz,x,t; Ax, At) = Elu(t,x,2)u(t + At,x + Ax, 2)]. (59)
In order to analyze this moment we consider
Cr(z, %, A%, At) = E [us(t,x, 2)ui(t + At,x + Ax, 2)]
= /E [GZ(X; Xg, k +y0)GE(x + Ax; X, k + 75)}
X Wy (%) BF (%) f (B) f7(B)e!P/ 0t emiBl=/cot=20) g dGdx dfe ™"
— [E[G.txxu k4 2B+ 5)GLx+ Axi, b +9)
ikAt

x W (x,) D (%) f (ﬂ + B) F*(B)et0 /0D eiPA gx dBds dfe™

~ /A (z,x,x—l—AX,xs,f{s,/;; —&—'y(ﬂ—l—ﬁ),—ﬁ)
ikAt

XWo (x,) 5 (%) f (3 + ) f*(B)e /002t dx sz e

with A defined in (44). We are interested in this cross-moment at the arrival time
for the coherent front when Ax = vAx’ we then find that

Cr(z,x, t;yAX', At)eiﬂ;vm
[ 8 (xR F (54 B), ) W () B (%)

< f (B4 B) F*(Beiatet /o=t dx, B, dd

- / A (2,5, % VAKX, Ko B+ 10/2, ) Do (x5) B (Re) dxsds
X / F(O)f(r + At)e'™ dretPElo=D a3/ (2r)

as v — 0. Note that the decorrelation in the time lag parameter is determined by
source pulse shape f rather than the random effects captured by the A. This is
consistent with the fact that we consider the parabolic regime where lateral rather
than longitudinal scattering is important. We simplify the expression further by
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assuming a unit point source located at the origin as in (54), then
Cr(z,x, t;yAX', At) ~ 'yd/A (z,x,x + A% 0,0,k +v3/2, —ﬁ)

x / P (r + A TH2/0=08 drdg/(2m)

We consider a long propagation distance regime and use (43)- (46) for the arguments
= -AX'E?, y, = ﬁ\/ﬁx— AX'ES? yh =0 yh=0.

We then obtain the following.

Theorem 2. In the high frequency and long propagation limit for the white noise
model, the forward propagating pulse has the following asymptotic for D > 0:

_ / 2 d 2
CI(Z’X7t;fyAXI7At)N/((11)ﬁI)k> _(1 1)dv/Dpz/2 (60)

iE2|ax’|? 7<1+1>WIMX —ox|? i i
xe—B*Doz 55— /f VF(T + At)e'™ dre'(z/eo=t)8 dg/(2m).

Remark 4. For x =0 (60) is analogous to (55) and can be analyzed likewise. In
particular the lateral coherence length has the asymptotic

v
kvDz’
with the carrier frequency being k/v, cf. Remark 3. Hence, the lateral coherence
length in the forward propagation is on the scale of the lateral size of the refocal spot

in the time reversal experiment. This extends a similar duality relation discovered
in [8] for monochromatic waves to multi-frequency waves.

Ax =~4Ax ~

We now simplify the expression in (60) further by setting At = 0, Ax’ = 0 and
rescaling the variable [3:

o 7o\ 4/2 )
Cir(,%,1;0,0) ~ — /(2(1 z)”ﬁDk> e”(1=04VE/2 (61)

Dz2 w222
Dy B2 1+1)\/ﬁ3\x\2 z/co—t
xe™ BT e I () () 75

with x being convolution.

Remark 5. The expression (61) shows that the wave energy in this narrow band
long distance limat is widely spread in time. The spread in time around the arrival
time t = x/co of the deterministic background medium for signals propagating near
the axis scales like Dz2. In the lateral x dimension the support scales like D/223/2.

Finally let us comment on the self-averaging aspect of the preceding results.
First, it has been shown [7] that under the assumptions

v — 0, Bﬁ;lﬂoo, 7D1/2L3/2H0

(B is ratio of the relative bandwidth to «.) the transmitted cross moment as well as
the time-reversed, back-propagated signal are self-averaging quantities and therefore
the preceding results are still valid when the expectation E is removed. Secondly,
self-averaging takes place when the medium fluctuations decorrelate rapidly in the
lateral dimension as in the scaling (6), [11].
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